Abstract. The notion of 2fe-inner product is introduced as a generalization of usual inner product and Q-inner product ([4]-[8]). As a consequence, is defined the notion of 2fc-normed space and some properties, e.g. uniformly convexity, Gâteaux differentiability and Riesz property of the dual, are given.
Introduction
In the last decade, the second author gave (see [4] - [9] ) an extension of the usual notion of inner product, namely the quaternionic inner product, or, for short, the Q-inner product. Some of the properties of an inner product and of the associated norm, such as: (i) uniform convexity, (ii) Gâteaux differentiability, (iii) equivalence of Birkhoff orthogonality with the inner product orthogonality, (iv) the Riesz form of linear continuous functionals were reobtained in this new framework.
The present paper is devoted to a generalization of both the classical inner product and the Q-inner product. In the first section we introduce the concept of 2/c-inner products and prove the properties (i)-(ii) above. Also, it is proved that a 2/c-inner product space is a smooth space of (BD)-type in the sense of Dragomir, and two remarkable identities, equivalent with the parallelogram identity, are given. The following two sections deal with the properties (iii) and (iv) and some results related to projections are obtained.
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Main properties of 2/c-inner products
Let X be a real linear space and fc^Oa natural number. As usual, we shall denote X 2k -Χ χ ... χ X. We introduce the following new concept:
-» R is said to be a 2k-inner product if:
. . · ,X2fe+l) + oì 2 (X 2ì Xz,···,Z2fc+i), oii,a 2 e Μ; (ii) (ζσ(ΐ). · · · > z<r(2Jfc)) = (zi> · · ·, X2k), € S 2 k, where S 2k denotes the set of all permutations of the indices {1,..., 2k}; (iii) (x,..., χ) > 0 if χ φ 0; (iv) Cauchy-Buniakowski-Schwarz's inequality (CBS for short)
with equality if and only if χχ,..., x 2 k are linear dependent.
The pair (X, (·,..., ·)) is called 2k-inner product space. Let us remark that our notion is different from the n-inner product of Misiak ([10] ).
For fc = 1 we have the usual notion of inner product and for k = 2 we obtain the notion of Q-inner product from [4] - [8] . Also, it follows that 
Ωί=1
A remarkable class of 2A;-inner products is provided by:
An usual inner product (·,·) on X gives rise to a 2k-inner product on X for every k.
Proof. By induction after k. Let us suppose that the given inner product yields the 2/c-inner product (·,..., -)2fe· Then (i) For Example 1 part I, we have
(ii) CBS has the form
.., -) 2 jt is a simple 2fc-inner product with the inner product (·, ·) as generator then || · || 2 fc is exactly the norm || · || of (·, •). Also, we have The previous result leads to: DEFINITION 2. A real normed space is said to be a 2k-normed space if its norm is defined by a 2fc-inner product.
An important property of 2k-normed spaces is provided by: The following result is known.
P R O P O S I T I O N 3 ( [ 9 , p . 1 ] ) . A normed linear space is smooth if and only if (·, ·)τ is linear in the first variable.
A straightforward computation for the 2k-normed spaces gives: 
P R O P O S I T I O N 4 . A 2k-normed space is smooth since

Also, a 2k-normed space is of (BD)-type with boundedness modulus 1 because (x,y)T = \\y\\lk.
We finish this section with two identities in a 2A;-inner space. A simple calculation gives the equivalences: 
2/c-Orthogonality
We shall begin with: (i) Obviously, χ i-2fc % =>· ® = 0.
(ii) From Remark 1 part (iii), it follows that for a simple 2/c-inner product generated by (·, ·) we have χ ±2k y x -L-2 y·
Let us recall that on a normed space (Χ, ||·||), χ is called Birkhoff orthogonal to y if + Xy\\ > ||a;|| for all real λ and denote this fact by χ ±b y-The following characterization of Birkhoff orthogonality is due by R. C. James: The above y is in Ργ (χ), where Ργ (χ) denotes the set of best approximation elements in Y referring to x. Since X is uniformly convex it results that X is strictly convex and then Ργ (χ) contains a unique element ([11, p. 110]) . .
In the following we obtain some results in the spirit of [10] , which appear as a counterpart of the above results.
Let a E -X"\{0} and denote by X (a) the linear subspace generated by a. Let us consider the mapping ν-ν / s (a,..., a, χ) pr a : X -> X,pr a (x) := --a.
IMI lì It follows that:
(i) pr a is independent of the choice of ain X (a) i.e. for λ € R toe have W\a -Walii) pr a is a projection onto X (a).
(iii) For arbitrary χ E X, a is 2k-orthogonal to χ -pr a x and
IIpr e (x) || 2 fc < ||x|| 2 *.
Proof. The proof is as follows. Conversely, we shall show that any / G X* has the above form if X is complete, obtaining the following generalization of the Riesz representation theorem: 
